In this work, the influence of the surrounding fluid on the dynamic characteristics of almost circular plates is investigated. First the natural frequencies and normal modes for the plates in vacuum are calculated by a perturbation procedure. The method is applied for the case of elliptical plates with a low value of eccentricity. The results are compared with other available methods for this type of plates with good agreement. Next, the effect of the fluid is considered. The normal modes of the plate in vacuum are used as a base to express the vibration mode of the coupled plate-fluid system. By applying the Hankel transformation the nondimensional added virtual mass 2 increment (NAVMI) are calculated for elliptical plates. Results of the NAVMI factors and the effect of the fluid on the natural frequencies are given and it is shown that when the eccentricity of the plate is reduced to zero (circular plate) the known results of the natural frequencies for circular plates surrounded by liquid are recovered.
Introduction
The interaction of a fluid with a vibrating plate is a problem with many applications in mechanical engineering. When the fluid is air the dynamic characteristics of very light plates used for example in space applications are greatly affected (see Filippi et al. [1994] ), in this case also the vibroacoustic properties of the coupled fluid-plate are of great interest [Geng and Li, 2012 or Zheng and Wei, 2013] .
When the fluid is a liquid the dynamic properties of the plate are affected even when the plate is not a light structure. Many applications of this interference problem can be found in the literature like the recent works of Tariverdilo et al. [2013] and Askari et al. [2013] that investigate how the vibration of circular plates immersed in a fluid is modified by the depth of immersion.
For circular plates immersed in a large reservoir of liquid other theoretical and numerical studies can be found in the literature depending on the plate boundary condition. Thus, to cite some of the most classical works for example Rayleigh [1945] calculated the inertial increase of a rigid disk vibrating in a circular aperture; Lamb [1920] obtained the natural frequencies of a clamped circular plate; McLachlan [1932] considered the case of a circular plate with free edges; and Peake and Thurston [1954] considered the cases of clamped and simply supported edges for circular plates. In all of these works, the mode of vibration of the plate was assumed to be a simple polynomial form that in some cases does not satisfy all of the boundary conditions at the plate edges. It can be said, then, that the results in terms of the natural frequencies depend on the choice of the function used to describe each mode shape; therefore, a unique solution is not available.
In recent works, Kwak [1991] ; Kwak and Kim [1991] ; Amabili et al. [1995] and Amabili and Kwak [1996] have developed a method to determine the dynamic properties of circular plates surrounded by a liquid. The modes of vibration in all of the cases studied were taken as the modes of the plate in vacuum (see, e.g., Leissa [1969] ), and these modes satisfy the exact boundary conditions at the plate edges. In Kwak [1991] and Kwak and Kim [1991] , the influence of the free surface of the fluid compared with the rigid wall was investigated, and it was concluded that for the cases of clamped and simply supported boundary conditions, the nondimensional added virtual mass increment (NAVMI) factors were lower for the free surface than for the rigid surface. Additionally, in Amabili and Kwak [1996] the influence of the coupling fluid-structure on the vibration mode was studied. In the results presented, it was shown that small differences occur with regard to the mode shape in both cases, with the small deviation depending on the boundary condition on the plate edges. It was concluded in Amabili and Kwak [1996] that the use of the modes in vacuum for the plate vibration can be a good approximation for most of the cases. Therefore, in this paper, the consideration that the plate is in a hole on a rigid surface will be taken into account while keeping in mind that this condition will be different from the case of a plate on a free surface.
For applications to spacecraft structures (such as satellite antennas), the plate shape is not circular but can be considered to be almost circular. Some of the antennas have an elliptical shape with a small ellipticity eccentricity. Thus, by a perturbation procedure the work of Amabili and Kwak [1996] , has been extended in the present paper to determine the influence of the fluid on the dynamic characteristics of almost circular plates. First, by applying Lindstedt-Poincare's technique, the natural frequencies and mode shapes of a clamped elliptical plate in vacuum are obtained. The results of the natural frequencies are compared with other approximations for these types of plates as a function of the eccentricity. Good comparisons are obtained in all of the cases computed. Next, the nondimensional added virtual mass coefficients are computed using the Hankel transformation procedure as used by Amabili and Kwak [1996] . A study of the influence of the added mass as a function of the elliptical eccentricity of the plate for different frequencies is presented. When the perturbation parameter e is set to zero, the results of Amabili and Kwak [1996] are recovered.
Natural Frequencies of Almost Circular Plates in Vacuum
Consider a plate vibrating in vacuum. The governing equation describing the plate's amplitude of vibration in the normal direction to the plate surface is 
If the plate is assumed to be clamped at the edge, the boundary conditions are w(r, 6,t) =0 at r = r(6).
dw (r,6,t) ,", ( 2 -2 ) V ' ' = 0 at r = r(0), on where n is normal to the plate boundary.
If the plate is almost circular with radius a, the plate boundary can be expressed in a first approximation as r = a + sf (0) , where e is the small parameter of perturbation. Since only linear terms will be considered in this work the present method should only be valid when terms of the order of e 2 can be neglected compared to terms of the order of e. That is, for example for values of 0 < e < 0.1:
The boundary conditions for the plate can then be given as w (r, 6,t) =0, at r = a + sf(0) .
To search for the normal modes and natural frequencies, the plate is assumed to be in harmonic vibration at the frequency u>, making w (r, 6,t) = w(r, 0) And the boundary conditions are
w(r, 0) represents the amplitude of vibration at (r, 9). Applying the method of Lindstedt-Poincare [Nayfeh, 1981] , the plate vibration amplitude can be expanded as w{r, 9) = w 0 {r, 9) + ewi(r, 9) + <9(e 2 ).
(2.8)
And to account for the dependency of the natural frequencies with the perturbation parameter they can be expressed as,
Taking into account the expression ^jj-oJ
defining the expansion in powers for the parameter (3 in the form /3 2 = /3 2 + e(3\.
identifying, the following relation is obtained between the terms of different order for (3 and ui
Collecting terms of order e° and of order e 1 , the next equations are obtained:
For the order of e°.
For the order of e 1 .
It is common practice to search for the solution of the zero-order formulation by separation of variables:
where m is the index for the number of nodal diameters, with m = 0 meaning no nodal diameters, m = 1 meaning one nodal diameter and so on.
The zero-order solution is (see Leissa [1969] )
Applying the first boundary condition yields
The parameter /3g m , where /3g m = ujQ m ^-, are the roots of the equation obtained from the second boundary condition
where J m and I m are the Bessel and the modified Bessel function of the mth order. For the order e, the function u>i(r, 9) can also be expressed as If the plate shape is assumed to be almost elliptical, the function /(#) can be approximated by /(#) = -f (1 -cos26>).
The boundary conditions for W" 0 and W[\ are now W7 0 (r) =0 at r = a, For the lowest frequency, the following results have been obtained: 3.1962 and (3% = 2.2601.
In Table 1 , the values of the parameter A are defined as
In this table, the lowest frequency is compared with three different approximations reported in Leissa [1969] , namely, expressions (3.2), (3.6) and (3.8). Expression (3.4*) is like (3.2) but with only linear terms in e. It should be noted that (3.2), (3.6) and (3.8) retain terms up to order e 2 .
It can be seen that, for the lowest frequency, the comparison between the present method and (3.4*) is very good.
Next, the natural frequencies for the plate in vacuum are compared with the methods presented in Kaplunov et al. [2005] .
For the values of | = 1.1, e = 0.181818 and r\ = -£-= 0.05, the frequency parameter defined in Kaplunov et al. [2005] as f! = , "° is compared for V 2(1 + ")PP different nodal diameters "m" and nodal circles "n" in Table 2 . It can be observed that the results are quite similar, except for the case of m = 1 and n = 1, however, for this case the comparison of the present method with the circular plate, e = 0, seems to be in accordance in contrast with the results obtained by Kaplunov et al. [2005] , In Table 3 , the parameters [3™ m with no nodal diameter m = 0 and one nodal diameter m = 1 are presented. From these results, the frequencies for different values of eccentricity e can be computed.
The advantage of the present method is that now vibration mode is obtained in an explicit form and the method of Amabili and Kwak [1996] can be used to obtain the nondimensional added virtual mass increment NAVMI factors.
NAVMI Factors for Elliptical Plates
The elliptical plate is assumed to be in contact with an incompressible and inviscid liquid initially at rest. Figure 1 represents an elliptic plate placed into an elliptic hole with an infinite rigid wall and in contract with a liquid.
If the motion of the liquid due to the vibration of the plate is assumed to be irrotational, a velocity potential exists, and the differential equation that describes the fluid motion is the Laplacian equation. If the vibration mode of the plate is expressed as w (r,6,t) = w(r,6) • e lu;t , the velocity potential can be represented by 3? (r, 6, z, t) Following the procedure used in Amabili and Kwak [1996] for circular plates, the Hankel transformation defined as To satisfy boundary condition equation (3.1c), the potential must decrease with z, so the solution to Eq. (3.5) has to be of the form:
where ^J^ is a function to be determined from the other boundary conditions. By the inverse Hankel transformation the potential </>^(r, z) can be expressed as:
(3.7) Jo Now, applying the separation of variables, Eq. (3.2), to the boundary conditions equations (3.1a) and (3.1b) and using Eq. (3.7) yields:
Based on the properties of the Hankel transformation see Sneddon [1966] the solution to Eqs. 
13) ./o
If it is assumed that the modes for the plate in the liquid are the same as the normal modes in vacuum (there is no coupling see Amabili and Kwak [1996] , then each frequency of the plate in the presence of the liquid can be expressed as the ratio to the frequency in vacuum:
{hT m _ 1 1 (3.14)
where (TL)^ and (T p )^ are the kinetic energies of the liquid and the plate associated to the deformation mode W^(r). The ratio of the kinetic energies 7^ can be expressed as
where TJ^ is the NAVMI factor and can be expressed as a linear function of e.
Kinetic energy of the liquid associated to the mode mn (Ti,)^
After application of the Gauss theorem, the kinetic energy for the liquid can be expressed as
where E = S^ + S*i + S*2. Because S\ is a rigid wall, §^7 = -757 = 0; therefore this surface does not contribute to the kinetic energy. In addition, at S^, $ and U -> 0, so ^oo does not contribute either. Thus, the kinetic energy of the fluid is expressed as
The component mn for the kinetic energy can be expressed, after substitution of the velocity potential, as After expansion in powers of e, taking into account that W^(a) = 0 and using Eq. (3.13) the component mn for the kinetic energy of the fluid can be expressed as Next, the results for the cases of m = 0 and m = 1 and n = 0,1 and 2 are presented in Figs. 2 and 3 . Also represented is the result for the circular plate obtained by Amabili and Kwak [1996] , From these results the following conclusion can be obtained:
(1) The value of the NAVMI factor always decreases with the eccentricity.
(2) The variation is greater in the modes without a nodal diameter (of the order of 2.5%) than for the modes with one nodal diameter (less than 1%). (3) For the same number of nodal diameters, the reduction increases with the order of the mode, that is, with n.
Next, the ratio between the frequencies of the elliptic plate and the circular plate in liquid will be computed. This ratio can be expressed as Again, in the figures, it can be observed that the frequencies that depend linearly on e now increase with respect to the case of the circular plate. The increase is faster for the modes without nodal diameters than for those with one nodal diameter, as expected.
Conclusions
The method of the Hankel transformation, which was first used by Magrab [1979] and later by Amabili and Kwak [1996] for circular plates, is now applied to solve the fluid-structure interaction problem for elliptical plates. For the application of the method, an explicit expression for the vibration mode of the plate is needed. Therefore, for plates with a small eccentricity ratio e, a perturbation technique has been applied that within the first order of e makes it possible to obtain the normal modes and natural frequencies of the elliptical plate in vacuum. The results obtained for these cases are shown to be in very good agreement when comparing the natural frequencies with other approximate methods for the same order of accuracy.
For the results with the fluid, the NAVMI factors has been calculated for the cases without nodal diameters and with one nodal diameter. The results show that, for all cases, the influence of ellipticity reduces the NAVMI factor, and the reduction is greater for the modes of higher order for the same value of m and more important, as expected, for the case with zero nodal diameters than for the case with one nodal diameter.
The method can be used as a test case to check numerical codes used based on FEM-BEM to determine the influence of the fluid on the dynamic characteristics of elliptical plates. Also the method could be applied to other plates almost circular by changing the function /(#).
